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Introduction



Introduction i

Definition 1 (Single-Source Shortest Path Problem)

Let G = (V, E) beagraph. Forasource vertex s € Vand a weight
functionw : E — R, find the shortest path (i.e. min distance) to all
otherverticest € V' \ s.



Introduction ii

Definition 2 (Distance)
The distance between two vertices is defined as

d(s,t) = min{c(P) | Pisans — t path}.

Definition 3 (Path cost)
LetP = (V1,...,Vn) € Uren V¥ where {vi,vi 1} € E. The cost of
the path is defined as

n—1

c(P) =D w(vi,visr).

i=1



Introduction iii

Figure 1: An example graph, with its SSSP solution for the source A in green.



Introduction iv

e SSSPiswell defined ifand only if no negative cyle is traversable
fromss.

¢ Negative cycles create negative infinite distances.



Introductionv

Figure 2: A graph containing a negative cycle (denoted in red).



Introduction vi

¢ Inthis case, the problemis not well defined.

e Thus, we also want to know if such a cycle exists.



SSSP Algorithms



Dijkstra’s algorithm i

Theorem 4 (Dijkstra, 1959)
let G = (V, E) beagraph,n = |V|, m = |E|and w a nonnoegative
weight function. There exists an algorithm that solves SSSP in time

O(m-+nlogn).



Dijkstra’s algorithmiii




Dijkstra’s algorithmiiii

Problem: Dijkstra’s algorithm does not work for negative weights.

—3

Figure 3: A graph with a negative edge.



Bellman-Ford algorithm i

Theorem 5 (Shimbel, Bellman, Ford, Moore 1955-59)
let G = (V, E) beagraph,n = |V|;m = |E|andw : E — Ra
weight function. There exists an algorithm that solves SSSP in time

O(mn).



Bellman-Ford algorithm

Figure 4: A graph with negative edges.

Table 1: The distances from source node S
for the graph of fig. 4, computed with the BF
algorithm.

S A B CDE

o 5 5 7 9 8




Goal: Reduce a a graph with real weights to a graph with
nonnegative weights.
Idea: Let a new weight functionw’ = w + C, where

C = —min{w(E)).



(Gw(e)E[R g Gw’(e’)elRJf) ii

Problem: w' does not conserve the shortest paths.




Alternative idea: Add a telescoping term instead:

We (W, V) 1= w(u, v) + @(u) — @(v),
where @ : V(G) — R.




(Gw(e)E[R < Gw’(e’)e[R{Jf) iv

Forany path P of length k:

k—1 k—1
Z We (Vruvn—i—]) - Z w (Vnavn—H) + @ (\)0) - (Vk)
n=0 n=0

Thus, the costofa path P = (vq, ..., v, ) becomes

Cw, (P) =cw(P) + @(vi) — @(vn).

Result: Shortest paths are conserved.




Potential functionsi

Such ¢ : V(G) — Rfunctions are called potential/price functions.
lfwe(u,v) = 0V{u,v} € E(G) wherew(u,v) > 0, piscalleda
valid potential function. l.e. it does not introduce new negative
edges.

Note

If @1, @2 are potentials,soare @1 + @2, —@1, max{@1, @2}




Johnson'’s potentials i

1. Let G be a graph. Add new super source vertex s’ with
zero-weight edges to all vertices. Let G’ be the resulting graph.
Note that the triangle inequality holds:

d(s’,u) +w(u,v) > d(s',v).




Johnson'’s potentials ii

2. Set(v) :=dg/(s,v).

d(s —
Qv ) ==
0.

We have now obtained a valid potential function such that
we(e) > 0,e € EF(G).




Johnson's potentialsiiii

e A more fitting potential,is @(t) = d(V, t), Vt € V, which
neutralizes all negatives edges when itis definable.

e More generally, the potential @ (t) = d(A, t)Vt € V, where
A O S C N neutralizes all negative edges corresponding to
the participating verticesin S.




Johnson's algorithm i

Theorem 6 (Johnson,1977)

let G = (V, E) beagraph,n = |V|;m = |E|andw : E — Ra
weight function. There exists an algorithm that solves the SSSP problem in
time

O(nlogn +mn).




Johnson'’s algorithmiii

Letinput graph G.
1. Add super source s” and zero-weight edges.
2. Compute @(v),v € V(G) by computingw(s’,v) through BF.
2.1 Terminate if negative cycle is detected.
3. Compute Dijkstra(v),v € V(G) with the new weight function
We.

Problem: still need initial Bellman-Ford run to compute @ ().




Bellman-Ford-Dijkstra algorithm

Theorem7
letG = (V,E) beagraph,n = |V|,m = |E|,andw : E — Ra

weight function. There exists an algorithm that solves h-limited' SSSP in
time

O(h-(nlogn+m)).

"For any vertex reachable from the source, there exists a shortest path to it with
at most h negative edges.




Preliminaries




Union Bound & Chernoff bound

Theorem 8 (Union bound)
Let (QQ), F, P be a probability space. Then

Aty AnEeF = P (U Ai> <) P(AY).

in i<n

Theorem 9 (Chernoff bound for binomials)
Let X ~ Bin(n, p). Then u = E[X] = npand




Graph Preprocessing i

Figure 5: Example instance of the graph preprocessing algorithm.




Graph Preprocessingii

For each vertex v, let w,, = min{w(u,x) | (v,x) € E(G)}bethe
minimum length of the edges leaving v.
We construct G’ as follows:

1. Replace each vertex v with two verticesv—, v and edge
(v—,v*")oflength w,.

2. Replace each edge (u,v) with the edge (u*,v™—) of length
ww,v) — .




Definition 10 (h-hop path)
A path with at most h negative edges.

Definition 11 (h-hop distance)
Lets,t € V. Wedenote d" (s, t) as the minimum length over all
h-hop walks fromsto t.




e Ifv € Vhasanegative outgoing edge e (w(e) < 0), then we
denote v a negative vertex.

e Let N C Vbethe negative verticesin G.




Hop distances obey the following recurrence:

d" (s, t) = min {dh(s,t), min d"(s,u) + d’ (u,t)},
ueN
as well as the triangle inequality:

dhti(s,t) < dM(s,u) + d(u,t).

If A1 (s,v) = dM(s,v)Vv € N, then
d(s,v) = d" (s, v)¥v € N.




Lemmai2
ForanyS C V, @1 (v) = d™(S,v)and ¢, (v) = —d™(v, S) are both
valid.




Main result




Theorem 13 (Huang etal., 2024)

Thereis a (Las Vegas) randomized algorithm solving the SSSP problem for
real-weighted graphs in time

o) (mn4/5 log?/° n +n%/° log”/® n) ,

with high probability.




1. Iteratively:

1.1 Find set of negative vertices S

1.2 Workon its induced subgraph Gg

1.3 Compute valid potential function @ in Gg
1.4 Neutralize all negative edgesin Gg

15 SetG + Gy

2. End up with only nonnegative weights

3. Run Dijkstra on the resulting graph




e Remote supersets of negative vertices = local reweighting

® Problem: such supersets are rare to find

e Solution: “massage” the graph




Hop Reduction




e Johnson solves SSSP with Bellman-Ford-Dijkstra, thus
neutralizes negative edges with a runtime of

O(k- (nlogn+m))

e Bottleneck: O(m + nlogn) peredge

e |dea: From arbitrary graph G, create auxiliary graph Hs.t.

1. V(G) C V(H)
2. dg(u,v) < dLhm (u,v) < d‘é (u,v),i.e. h-hop pathin

G — h/r-hop pathin H.
e Hiscalledan r-hop reduction of G




Hop reductioniii

Figure 6: A rudimentary construction of auxiliary graph H.




Rudimentary construction of H:
1. Creater + 1 layered copies of the graph (V(G), E*(G))

2. Add the negative edges between layers If (1, v) € N, add
(ui,vipg1)toEforO <i<r

3. Add zero-length edges (vi,viy1) forallve V,0 <i<r
and (vy,vo)

ny =0(m), my=0(rm).




Hop reduction iv

Construction of wiy:

e Johnson's reweighting limited to i hops using BFD foralli < r
O(r(m+nlogn)).

o wh(ui,vj) = wlw,v) + dk (V,u) — dL (V,v)

e Foreach (u,v) € N, itfollows thatwy(ui,viy1) =0




Hop reductionv

e We can compute [ h/r]-limited SSSP on H instead of G with
costof O(r(k/r) - (nlogn +m))

e Problem: Runtime remains the same

e Goal: Improve runtime by leveraging an r-remote set




Definition 14 (Negative r-hop reach)

Let G = (V, E,w)andv € V. The set of vertices that can be
reached by a negative-weight r-hop path from vis called its
negative r-hop reach. More generally, we define the negative r-hop
reach of a set X as

RT(X)={veVI]d(X,v) <O




Remoteness

Definition 15 (r-remoteness)

let G = (V,E,w),n =|V|and X C N be a subset of negative
vertices. X isan r-remote set if it has negative r-hop reach of size at
mostn/r—i.e. [R"(X)| < n/r.




Hop reduction (cont.) i

e Let N be r-remote
e Letv € V' \ Rbeavertexoutside of the r-remote subgraph
= Then dE(V,V) =0,i<r

e Each copy is weighted identically, layered versions can be
compressed




Hop reduction (cont.) ii




Hop reduction (cont.) iii




Hop reduction (cont.) iv

Construction of H for G with r-remote set:

1. Create r layered copies of the r-remote subgraph

2. Add the negative edges between layers If (u,v) € N, add
(wi,viz1)toEyfor0 <i<r

3. Add edges (vi,vo) forallv € R,i




Hop reduction (cont.) v

Lemma16 (Fineman, 2024, lem. 3.3)
Consider a (sub)graph G = (V,ET UN,w), letk = |[N|and
m = |ET U N|. Suppose thatw(e) > Oforalle € ET and that N is
T-remote. Then there existsan O((r + k/7)(nlogn + m))-time
deterministic algorithm that either:

1. correctly determines that the graph contains a negative-weight cycle,

or
2. computes a valid reweighting that eliminates all edges N.




Betweenness

Definition 17 (Betweenness)

Let, 7 € N, s,t € V. The r-betweenness of is defined as the
number of verticesu : d"(s,v) + d" (v, t) < 0.




Betweenness

Definition 17 (Betweenness)
Let, 7 € N, s,t € V. The r-betweenness of is defined as the
number of verticesu : d"(s,v) + d" (v, t) < 0.

Lemma18 (Huangetal., 2024, lem 2.2)

Thereisan O(rbm logn + rbn log? n + b2n log” n) time
randomized algorithm that returns either a set of valid potentials @ or a
negative cycle. With high probability, all pairs (s, t) have r-betweenness
at most n/b after reweighing.




Definition 19 (Weak h-hop negative sandwich)
For a parameter h, a weak h—hop negative sandwich is a triple

(s,U,t) : d™(s,u) +d"(u,t) <0, Vu € U.




Betweenness + Sandwich — Remoteness

Theorem 20 (Huang et al., 2024, lem. 2.3)

Let (s, U, t) be a weak h-hop negative sandwich and let (s, t) have
(1 + h)-betweenness /. Then one can compute valid potentials @
making U r-remotein O((r + h)(m 4+ nlogn)) time.




Betweenness + Sandwich — Remoteness

Proof.
e Define @(v) := max{d" (s, v), —d" (v, t)},v € V.




Betweenness + Sandwich — Remoteness

Proof.
e Define @(v) := max{d" (s, v), —d" (v, t)},v € V.
Vue U:
—d" My, t) > —d™(u, t) > d"(s,u) = d"TM(s, ).
* Thus @(u) = —d" ™ (u,t) = d"(s,u).




Betweenness + Sandwich — Remoteness

Proof.
e Define @(v) := max{d" (s, v), —d" (v, t)},v € V.
vue U:
_dth(u) ) = (u> )
e Thus@(u) = d”h(u, t)
e Forv € Vwithd™ (s, v) + T+h(v, t) > Owe have
@(v) =d" (s, v).




Betweenness + Sandwich — Remoteness

Proof.

e Define @(v) := max{d" (s, v), —d" (v, t)},v € V.
vue U:
—d™ M, t) > —dMu,t) = dM(s,u) = dTR (s, u).

* Thus @(u) = —d" " (u,t) > d"(s,u).

e Forv € Vwithd™ (s, v) + d" " (v,t) = Owe have
@(v) =d" M (s,v).

e Forthesamewu,v,visno longerreachable fromwinr hops:

>
>

do (u,v) =d"(w,v) + @(u) —e(v) 2
d"(w,v) +d"(s,u) — d" " (s,v) =

by the triangle inequality.




Betweenness + Sandwich — Remoteness

Proof (cont.).

e Thus avertex Vv is negatively reachable from wonly only if
d™ (s, v) +d" (v, t) < 0.

e There are only n/r such vertices. Thus, U is r remote with the
reweighed function.




Betweenness + Sandwich — Remoteness

Proof (cont.).
e Thus avertex Vv is negatively reachable from wonly only if
d™ (s, v) +d" (v, t) < 0.
e There are only n/r such vertices. Thus, U is r remote with the
reweighed function.

e We can calculate d" "™ (s, 1) with the standard method.

e Tocalculate d"*™(wu, t) we reverse the graphin O(n. + m)
time, and use the standard method with source t. [




Proper hops

A sandwich thatis hard to make small:

Definition 21 (Proper h-hop walk)

A proper h-hop walk as a walk with exactly h negative edges and
where all negative vertices are distinct.

Definition 22 (Proper h-hop distance)
For vertices s, t, let ah(s, t) denote the infimum length over all

proper h-hop walks from s to t. We call ah(s, t) the proper h-hop
distance fromstot.




A good enough failure

Lemma 23 (Huangetal., 2024, lem. 3.1)

Thereisan O(h(m + nlogn)) time algorithm that, given a set of
vertices S, returns either a negative cycle, a pair s, t € S with
dM(s,t) < 0, orthedistances d(V,v)in Gs Vv € V.




A good enough failure

Lemma 23 (Huangetal., 2024, lem. 3.1)

Thereisan O(h(m + nlogn)) time algorithm that, given a set of
vertices S, returns either a negative cycle, a pair s, t € S with
ah(s,t) < 0, orthedistances d(V,v)in Gs Vv € V.
Proof.
e Compute d"1(S, t)and d"(S, t) with the standard method
in Gs
o Ifd™(S,t) = dM (S, t) then from prelim
d(S,t) = d™(S, ).
e d(V,t) = min{0,d(S,t)}




A good enough failure

Proof (cont.).

e Elsedt € V:d™(S,t) < d"1(S,t) <O0.

e Thewalkfromans € Stotinhhops has precisely h negative
edges

e |f some negative vertex repeats, the walk between occurrences
is negative. If it were not, we could remove it, and receive a
h — 1 hop walk smallerthan d™(S, t), whichisa
contradiction. Return the negative cycle.




A good enough failure

Proof (cont.).

e Elsedt € V:d™(S,t) < d"1(S,t) <O0.

e Thewalkfromans € Stotinhhops has precisely h negative
edges

e |f some negative vertex repeats, the walk between occurrences
is negative. If it were not, we could remove it, and receive a
h — 1 hop walk smallerthan d™(S, t), whichisa
contradiction. Return the negative cycle.

e Else, the vertices are distinct, and the walk is proper, as
desired. O




Sampling Sandwiches

Large sandwiches can be sampled efficiently:




Sampling Sandwiches

Large sandwiches can be sampled efficiently:

Theorem 24 (Huangetal., 2024, lem. 4.1)

Forh = Q(logn) there is a randomized algorithm that, in

O(h(m + nlogn)) randomized time, returns either a negative cycle, a
weak h-hop sandwich (s, U, t), or a set of negative vertices S and the
distances d(V,v), v € Gs. With high probability, we have

uj,IS| > Q(vhk).




Intermission: Chernoff Bound

We will use the following special case of the Chernoff bound:

Theorem 25 (Chernoff Bounds for binomials)
Let X ~ Bin(n,p). Then u = E[X] = npand




Sampling Sandwiches

e Randomly sample S from N with probability % for each
veN
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e Randomly sample S from N with probability % for each
veN

cP (181> Jky/B) 21— e (181~ Bin (/21




Sampling Sandwiches

e Randomly sample S from N with probability % for each
veN

cP (181> Jky/B) 21— e (181~ Bin (/21

e Now apply lem. 3.1, which may return:
(@) Negative Cycle
(b) Thedistancesd(V,1t), Vt € Gg
(©) Apair (s, t)with ah(s, t) < 0. Inthis case, return
Bst :={ue N:d" (s,u) +d"(u,t) <0}in
O(h(m+nlogn))time.




Sampling Sandwiches

e Randomly sample S from N with probability % for each
veN

cP (181> Jky/B) 21— e (181~ Bin (/21

e Now apply lem. 3.1, which may return:
(@) Negative Cycle
(b) Thedistancesd(V,1t), Vt € Gg
(©) Apair (s, t)with ah(s,t) < 0. Inthis case, return
Bst :={ue N:d" (s,u) +d"(u,t) <0}in
O(h(m+nlogn))time.
Call (s, t) weakif the sandwichis small, |Bs | < V'kh, strong
otherwise.




Sampling Sandwiches

W.h.p., no weak pairs are sampled in by S.




Sampling Sandwiches

W.h.p., no weak pairs are sampled in by S. Assume (s, t) is weak.

* Any proper h-walk from s to t with negative length must
include at least h — 1 vertices from B ¢ \ {s, t}.




Sampling Sandwiches

W.h.p., no weak pairs are sampled in by S. Assume (s, t) is weak.

* Any proper h-walk from s to t with negative length must
include at least h — 1 vertices from B ¢ \ {s, t}.

o | HBS‘t N SH = ZueBs,t E [{sampleduin S}] <
VKR =1 oS~ Bin ([Bs, \/2)




Sampling Sandwiches

W.h.p., no weak pairs are sampled in by S. Assume (s, t) is weak.

* Any proper h-walk from s to t with negative length must
include at least h — 1 vertices from B ¢ \ {s, t}.

o | HBS‘t N SH = ZueBs,t E [{sampleduin S}] <
VKR =1 oS~ Bin ([Bs, \/2)

e Thusin orderforah(s,t) < 0,[Bs,¢ N S| must be much
further away from its expected value, which only happens with
low probability (Chernoff).




Sampling Sandwiches

W.h.p., no weak pairs are sampled in by S. Assume (s, t) is weak.

* Any proper h-walk from s to t with negative length must
include at least h — 1 vertices from B ¢ \ {s, t}.

o | HBS‘t N SH = ZueBs,t E [{sampleduin S}] <
VKR =1 oS~ Bin ([Bs, \/2)

e Thusin orderforah(s,t) < 0,[Bs,¢ N S| must be much
further away from its expected value, which only happens with
low probability (Chernoff).

e By the Union Bound:

P [{Sissmall} U{(s,t)isweak}] < e At p e




The Algorithm

Betweenness reduction (lemma 2.2)

Sample (lemma 4.1)

Neutralize S (Johnson)

Make remote (lemma2.3)

Neutralize (lemma2.1)

Figure 7: Flowchart illustrating the step-by-step execution of our algorithm.




The Algorithm

Theorem 26 (Huang et al., 2024, thm. 1.1)

There is a Las Vegas randomized algorithm solving the SSSP problem for
real-weighted graphs that runs in

) (mn4/5 log?/® n 4+ n?/% log”/> n)

randomized time w.h.p.




The Algorithm

Proof.
While negative edges remain, repeat the following:




The Algorithm

Proof.
While negative edges remain, repeat the following:

o Assumek = Q(log” (n)),andseth = Io:;//;n
(otherwise run Dijkstra+BF)

= Q(logn)




The Algorithm

Proof.

While negative edges remain, repeat the following:

o Assumek = Q(log” (n)),andseth = Io:;//;n = Q(logn)

(otherwise run Dijkstra+BF)

e Bylem.2.2,in O(hZ(mlogn + nlog”n)) time, we finda
negative cycle, or compute a valid potential ¢ to reduce the h
betweenness of all pairs ton/h w.h.p.
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Proof.

While negative edges remain, repeat the following:

o Assumek = Q(log” (n)),andseth = Io:;//:n = Q(logn)

(otherwise run Dijkstra+BF)

e Bylem.2.2,in O(hZ(mlogn + nlog”n)) time, we finda
negative cycle, or compute a valid potential ¢ to reduce the h
betweenness of all pairs ton/h w.h.p.

e Bylem. 4.1, we either find a negative cycle or S and the
relevant Johnson potential ¢> neutralizing S.




The Algorithm

Proof.

While negative edges remain, repeat the following:

o Assumek = Q(log” (n)),andseth = Io:;//:n = Q(logn)

(otherwise run Dijkstra+BF)

e Bylem.2.2,in O(hZ(mlogn + nlog”n)) time, we finda
negative cycle, or compute a valid potential ¢ to reduce the h
betweenness of all pairs ton/h w.h.p.

e Bylem. 4.1, we either find a negative cycle or S and the
relevant Johnson potential ¢> neutralizing S.

e Else, we obtain a weak h-hop negative sandwich (s, U, t).




The Algorithm

Proof.

While negative edges remain, repeat the following:

o Assumek = Q(log” (n)),andseth = Io:;//:n = Q(logn)

(otherwise run Dijkstra+BF)

e Bylem.2.2,in O(hZ(mlogn + nlog”n)) time, we finda
negative cycle, or compute a valid potential ¢ to reduce the h
betweenness of all pairs ton/h w.h.p.

e Bylem. 4.1, we either find a negative cycle or S and the
relevant Johnson potential ¢> neutralizing S.

e Else, we obtain a weak h-hop negative sandwich (s, U, t).

e |fthe reduction succeeded then, using lem. 2.3 we can
compute a potential (> making U h—remote in
O(h(m +nlogn)) time.




The Algorithm

Proof (cont.).

e Testif U is now remote in the same time, to check if the
reduction succeed. If it failed, restart the loop.




The Algorithm

Proof (cont.).

e Testif U is now remote in the same time, to check if the
reduction succeed. If it failed, restart the loop.

e Bylem. 2.1 find a negative cycle, or compute potentials @3
neutralizing Win O((h 4 [U|/h)(m + nlogn)) time.




The Algorithm

Proof (cont.).

e Testif U is now remote in the same time, to check if the
reduction succeed. If it failed, restart the loop.

e Bylem. 2.1 find a negative cycle, or compute potentials @3
neutralizing Win O((h 4 [U|/h)(m + nlogn)) time.

In the worst case w.h.p., we neutralize

EzQ(\/ﬁ):Q(L/S)

Iog]/sn

edges, or find a negative cycle at each iteration.




The Algorithm

Proof (cont. 2).
e Assuming n = k negative vertices, halving k takes
@) (kz/S Iog1 /5 n) iterations. As the reduction is geometric,
complexity is dominated by the halving of k.




The Algorithm

Proof (cont. 2).
e Assuming n = k negative vertices, halving k takes
@) (kz/S Iog1 /5 n) iterations. As the reduction is geometric,
complexity is dominated by the halving of k.

e The per step complexity is dominated by the reduction and the
neutralization, with time

@) ((h2 + %) (m logn +n Iog2 n)) Assumingk ~ n,
{~ /%, making{ ~ k?/° log'/° .




The Algorithm

Proof (cont. 2).

e Assuming n = k negative vertices, halving k takes
@) (kz/S Iog”5 n) iterations. As the reduction is geometric,
complexity is dominated by the halving of k.

e The per step complexity is dominated by the reduction and the
neutralization, with time

@) ((h2 + %) (m logn +n Iog2 n)) Assumingk ~ n,
{~ /%, making{ ~ k?/° log'/° .

e Intotal, it takes probabilistic time:




The Algorithm

Proof (cont. 3).

n2/5 n
O <<n2/5 log”5 n) (Iog4/5n + \/;) (mlogn+n|ogn)) =

O (n4/5 log?/® n(m + nlogn)) =

0 (mn4/5 log?’° n 4+ n?/5 log”/® n> .




Questions?
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