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Introduction



Introduction i

Definition 1 (Single-Source Shortest Path Problem)
LetG = (V, E) be a graph. For a source vertex s ∈ V and a weight
functionw ∶ E → ℝ, find the shortest path (i.e. min distance) to all
other vertices t ∈ V ⧵ s.



Introduction ii

Definition 2 (Distance)
The distance between two vertices is defined as

d(s, t) = min{c(P) ∣ P is an s − t path}.

Definition 3 (Path cost)
LetP = (v1, … , vn) ∈ ∪k∈ℕVk where {vi, vi+1} ∈ E. The cost of
the path is defined as

c(P) =
n−1
∑
i=1

w(vi, vi+1).



Introduction iii

Figure 1: An example graph, with its SSSP solution for the sourceA in green.



Introduction iv

SSSP is well defined if and only if no negative cyle is traversable
from s.
Negative cycles create negative infinite distances.



Introduction v

Figure 2: A graph containing a negative cycle (denoted in red).



Introduction vi

In this case, the problem is not well defined.
Thus, we also want to know if such a cycle exists.



SSSP Algorithms



Dijkstra’s algorithm i

Theorem 4 (Dijkstra, 1959)
LetG = (V, E) be a graph,n = |V|,m = |E| andw a nonnoegative
weight function. There exists an algorithm that solves SSSP in time

O(m+ n logn).



Dijkstra’s algorithm ii



Dijkstra’s algorithm iii

Problem: Dijkstra’s algorithm does not work for negative weights.

Figure 3: A graph with a negative edge.



Bellman-Ford algorithm i

Theorem 5 (Shimbel, Bellman, Ford, Moore 1955–59)
LetG = (V, E) be a graph,n = |V|,m = |E| andw ∶ E → ℝ a
weight function. There exists an algorithm that solves SSSP in time

O(mn).



Bellman-Ford algorithm

Figure 4: A graph with negative edges.

Table 1: The distances from source nodeS
for the graph of fig. 4, computed with the BF
algorithm.

S A B C D E
0 5 5 7 9 8



(Gw(e)∈ℝ ≤ Gw′(e)∈ℝ+) i

Goal: Reduce a a graph with real weights to a graph with
nonnegative weights.
Idea: Let a new weight functionw′ = w+ C, where

C = −min
e∈E

{w(E)}.



(Gw(e)∈ℝ ≤ Gw′(e)∈ℝ+) ii

Problem:w′ does not conserve the shortest paths.



(Gw(e)∈ℝ ≤ Gw′(e)∈ℝ+) iii

Alternative idea: Add a telescoping term instead:

wφ(u, v) ∶= w(u, v) + φ(u) − φ(v),

whereφ ∶ V(G) → ℝ.



(Gw(e)∈ℝ ≤ Gw′(e)∈ℝ+) iv

For any pathP of lengthk:

k−1
∑
n=0

wφ (vn, vn+1) =
k−1
∑
n=0

w(vn, vn+1) + φ (v0) − φ (vk)

Thus, the cost of a pathP = (v1, … , vn) becomes

cwφ(P) = cw(P) + φ(v1) − φ(vn).

Result: Shortest paths are conserved.



Potential functions i

Suchφ ∶ V(G) → ℝ functions are called potential/price functions.
Ifwφ(u, v) ≥ 0∀{u, v} ∈ E(G)wherew(u, v) ≥ 0,φ is called a
valid potential function. I.e. it does not introduce new negative
edges.

Note
Ifφ1, φ2 are potentials, so areφ1 +φ2, −φ1,max{φ1, φ2}.



Johnson’s potentials i

1. LetG be a graph. Add new super source vertex s′ with
zero-weight edges to all vertices. LetG′ be the resulting graph.
Note that the triangle inequality holds:

d(s′, u) + w(u, v) ≥ d(s′, v).



Johnson’s potentials ii

2. Setφ(v) ∶= dG′(s′, v).

d(s′, u) + w(u, v) ≥ d(s′, v) ⟹
φ(u) + w(u, v) ≥ φ(v) ⟹

w(u, v) + φ(u) − φ(v) ≥ 0.

We have now obtained a valid potential function such that
wφ(e) ≥ 0, e ∈ E+(G).



Johnson’s potentials iii

A more fitting potential, isφ(t) = d(V, t), ∀t ∈ V, which
neutralizes all negatives edges when it is definable.
More generally, the potentialφ(t) = d(A, t)∀t ∈ V, where
A ⊇ S ⊆ N neutralizes all negative edges corresponding to
the participating vertices inS.



Johnson’s algorithm i

Theorem 6 (Johnson, 1977)
LetG = (V, E) be a graph,n = |V|,m = |E| andw ∶ E → ℝ a
weight function. There exists an algorithm that solves the SSSP problem in
time

O(n logn +mn).



Johnson’s algorithm ii

Let input graphG.
1. Add super source s′ and zero-weight edges.
2. Computeφ(v), v ∈ V(G) by computingw(s′, v) through BF.

2.1 Terminate if negative cycle is detected.

3. Compute Dijkstra(v), v ∈ V(G)with the new weight function
wφ.

Problem: still need initial Bellman-Ford run to computeφ(u).



Bellman-Ford-Dijkstra algorithm

Theorem 7
LetG = (V, E) be a graph,n = |V|,m = |E|, andw ∶ E → ℝ a
weight function. There exists an algorithm that solvesh-limited1 SSSP in
time

O(h ⋅ (n logn +m)).

1For any vertex reachable from the source, there exists a shortest path to it with
at mosth negative edges.



Preliminaries



Union Bound & Chernoff bound

Theorem 8 (Union bound)
Let (Ω), ℱ, ℙ be a probability space. Then

A1, … ,An ∈ ℱ ⟹ ℙ(⋃
i≤n

Ai) ≤∑
i≤n

ℙ(Ai).

Theorem 9 (Chernoff bound for binomials)
LetX ∼ Bin(n, p). Thenμ = 𝔼[X] = np and

ℙ [X ≤ μ
2 ] ≤ e

−µ
8

ℙ[X > 3μ
2 ] ≤ e

− µ
12



Graph Preprocessing i

Figure 5: Example instance of the graph preprocessing algorithm.



Graph Preprocessing ii

For each vertex v, letμv = min{w(u, x) ∣ (v, x) ∈ E(G)} be the
minimum length of the edges leaving v.
We constructG′ as follows:

1. Replace each vertex vwith two vertices v−, v+ and edge
(v−, v+) of lengthμv.

2. Replace each edge (u, v)with the edge (u+, v−) of length
w(u, v) − μu.



Hop distance i

Definition 10 (h-hop path)
A path with at mosth negative edges.

Definition 11 (h-hop distance)
Let s, t ∈ V. We denotedr(s, t) as the minimum length over all
h-hop walks from s to t.



Hop distance ii

If v ∈ V has a negative outgoing edge e (w(e) < 0), then we
denote v a negative vertex.
LetN ⊆ V be the negative vertices inG.



Hop distance iii

Hop distances obey the following recurrence:

dh+1(s, t) = min{dh(s, t), min
u∈N

dh(s, u) + d1(u, t)} ,

as well as the triangle inequality:

dh+l(s, t) ≤ dh(s, u) + dl(u, t).

Ifdh+1(s, v) = dh(s, v)∀v ∈ N, then
d(s, v) = dh+1(s, v)∀v ∈ N.



Hop distance iv

Lemma 12
For anyS ⊆ V,φ1(v) = dh(S, v) andφ2(v) = −dh(v, S) are both
valid.



Main result



Main result

Theorem 13 (Huang et al., 2024)
There is a (Las Vegas) randomized algorithm solving the SSSP problem for
real-weighted graphs in time

O(mn4/5 log2/5 n + n9/5 log7/5 n) ,

with high probability.



Sketch i

1. Iteratively:
1.1 Find set of negative verticesS
1.2 Work on its induced subgraphGS
1.3 Compute valid potential functionφ inGS
1.4 Neutralize all negative edges inGS
1.5 SetG ← Gφ

2. End up with only nonnegative weights
3. Run Dijkstra on the resulting graph



Sketch ii

Remote supersets of negative vertices⇒ local reweighting
Problem: such supersets are rare to find
Solution: “massage” the graph



Hop Reduction



Hop reduction i

Johnson solves SSSP with Bellman-Ford-Dijkstra, thus
neutralizes negative edges with a runtime of

O(k ⋅ (n logn +m))

Bottleneck:O(m+ n logn) per edge
Idea: From arbitrary graphG, create auxiliary graphH s.t.

1. V(G) ⊆ V(H)
2. dG(u, v) ≤ d⌈h/r⌉

H (u, v) ≤ dhG(u, v), i.e. h-hop path in
G →h/r-hop path inH.

H is called an r-hop reduction ofG



Hop reduction ii

Figure 6: A rudimentary construction of auxiliary graphH.



Hop reduction iii

Rudimentary construction ofH:
1. Create r + 1 layered copies of the graph (V(G), E+(G))
2. Add the negative edges between layers If (u, v) ∈ N, add
(ui, vi+1) toEH for 0 ≤ i < r

3. Add zero-length edges (vi, vi+1) for all v ∈ V, 0 ≤ i < r
and (vr, v0)

nH = O(rn), mH = O(rm).



Hop reduction iv

Construction ofwH:
Johnson’s reweighting limited to i hops using BFD for all i ≤ r

O(r(m + n logn)).

wH(ui, vj) = w(u, v) + diG(V, u) − d
j
G(V, v)

For each (u, v) ∈ N, it follows thatwH(ui, vi+1) ≥ 0



Hop reduction v

We can compute ⌈h/r⌉-limited SSSP onH instead ofGwith
cost ofO(r(k/r) ⋅ (n logn +m))
Problem: Runtime remains the same
Goal: Improve runtime by leveraging an r-remote set



Reach

Definition 14 (Negative r-hop reach)
LetG = (V, E,w) and v ∈ V. The set of vertices that can be
reached by a negative-weight r-hop path from v is called its
negative r-hop reach. More generally, we define the negative r-hop
reach of a setX as

Rr(X) = {v ∈ V ∣ dr(X, v) < 0}.



Remoteness

Definition 15 (r-remoteness)
LetG = (V, E,w), n = |V| andX ⊆ N be a subset of negative
vertices. X is an r-remote set if it has negative r-hop reach of size at
mostn/r—i.e. |Rr(X)| ≤ n/r.



Hop reduction (cont.) i

LetN be r-remote
Let v ∈ V ⧵ R be a vertex outside of the r-remote subgraph

ThendiG(V, v) = 0, i ≤ r
Each copy is weighted identically, layered versions can be
compressed



Hop reduction (cont.) ii



Hop reduction (cont.) iii



Hop reduction (cont.) iv

Construction ofH forGwith r-remote set:
1. Create r layered copies of the r-remote subgraph
2. Add the negative edges between layers If (u, v) ∈ N, add
(ui, vi+1) toEH for 0 ≤ i < r

3. Add edges (vi, v0) for all v ∈ R, i

nH = r
n
r + n = O(n), mH = O(r

n
r
m
n +m) = O(m).



Hop reduction (cont.) v

Lemma 16 (Fineman, 2024, lem. 3.3)
Consider a (sub)graphG = (V, E+ ∪N,w), letk = |N| and
m = |E+ ∪N|. Suppose thatw(e) ≥ 0 for alle ∈ E+ and thatN is
r-remote. Then there exists anO((r + k/r)(n logn +m))-time
deterministic algorithm that either:

1. correctly determines that the graph contains a negative-weight cycle,
or

2. computes a valid reweighting that eliminates all edgesN.



Betweenness

Definition 17 (Betweenness)
Let, r ∈ ℕ, s, t ∈ V. The r-betweenness of is defined as the
number of verticesu ∶ dr(s, v) + dr(v, t) < 0.

Lemma 18 (Huang et al., 2024, lem 2.2)
There is anO(rbm logn + rbn log2 n + b2n log2 n) time
randomized algorithm that returns either a set of valid potentialsφ or a
negative cycle. With high probability, all pairs (s, t) have r-betweenness
at mostn/b after reweighing.
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Sandwich

Definition 19 (Weakh-hop negative sandwich)
For a parameterh, a weakh−hop negative sandwich is a triple

(s,U, t) ∶ dh(s, u) + dh(u, t) ≤ 0, ∀u ∈ U.



Betweenness + Sandwich→Remoteness

Theorem 20 (Huang et al., 2024, lem. 2.3)
Let (s,U, t) be a weakh-hop negative sandwich and let (s, t) have
(r + h)-betweennessn/r. Then one can compute valid potentialsφ
makingUr-remote inO((r + h)(m + n logn)) time.



Betweenness + Sandwich→Remoteness

Proof.
Defineφ(v) ∶= max{dr+h(s, v), −dr+h(v, t)}, v ∈ V.

∀u ∈ U ∶
−dr+h(u, t) ≥ −dh(u, t) ≥ dh(s, u) ≥ dr+h(s, u).
Thusφ(u) = −dr+h(u, t) ≥ dh(s, u).
For v ∈ Vwithdr+h(s, v) + dr+h(v, t) ≥ 0we have
φ(v) = dr+h(s, v).
For the sameu, v, v is no longer reachable fromu in r hops:

drφ(u, v) = dr(u, v) + φ(u) − φ(v) ≥
dr(u, v) + dh(s, u) − dr+h(s, v) ≥ 0,

by the triangle inequality.
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Betweenness + Sandwich→Remoteness

Proof (cont.).
Thus a vertex v is negatively reachable fromu only only if
dr+h(s, v) + dr+h(v, t) < 0.
There are onlyn/r such vertices. Thus,U is r remote with the
reweighed function.

We can calculatedr+h(s, u)with the standard method.
To calculatedr+h(u, t)we reverse the graph inO(n +m)
time, and use the standard method with source t.
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Proper hops

A sandwich that is hard to make small:

Definition 21 (Properh-hop walk)
A properh-hop walk as a walk with exactlyh negative edges and
where all negative vertices are distinct.

Definition 22 (Properh-hop distance)
For vertices s, t, let d̂h(s, t) denote the infimum length over all
properh-hop walks from s to t. We call d̂h(s, t) the proper h-hop
distance from s to t.



A good enough failure

Lemma 23 (Huang et al., 2024, lem. 3.1)
There is anO(h(m + n logn)) time algorithm that, given a set of
verticesS, returns either a negative cycle, a pair s, t ∈ Swith
d̂h(s, t) < 0, or the distancesd(V, v) inGS ∀v ∈ V.

Proof.
Computedh−1(S, t) anddh(S, t)with the standard method
inGS

Ifdh(S, t) = dh−1(S, t) then from prelim
d(S, t) = dh(S, t).
d(V, t) = min{0, d(S, t)}
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A good enough failure

Proof (cont.).
Else∃t ∈ V ∶ dh(S, t) < dh−1(S, t) ≤ 0.
The walk from an s ∈ S to t inh hops has preciselyh negative
edges
If some negative vertex repeats, the walk between occurrences
is negative. If it were not, we could remove it, and receive a
h − 1 hop walk smaller thandh(S, t), which is a
contradiction. Return the negative cycle.

Else, the vertices are distinct, and the walk is proper, as
desired.
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Proof (cont.).
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Sampling Sandwiches

Large sandwiches can be sampled efficiently:

Theorem 24 (Huang et al., 2024, lem. 4.1)
Forh = Ω(logn) there is a randomized algorithm that, in
O(h(m + n logn)) randomized time, returns either a negative cycle, a
weakh-hop sandwich (s,U, t), or a set of negative verticesS and the
distancesd(V, v), v ∈ GS. With high probability, we have
|U|, |S| ≥ Ω(√hk).
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Intermission: Chernoff Bound

We will use the following special case of the Chernoff bound:

Theorem 25 (Chernoff Bounds for binomials)
LetX ∼ Bin(n, p). Thenμ = 𝔼[X] = np and

ℙ [X ≤ μ
2 ] ≤ e

−µ
8

ℙ[X > 3μ
2 ] ≤ e

− µ
12



Sampling Sandwiches

Randomly sampleS fromNwith probability√ h
4k for each

v ∈ N

ℙ(|S| > 1
2k√

h
4k) ≥ 1 − e

−√kh
32 (|S| ∼ Bin(k,√ h

4k))
Now apply lem. 3.1, which may return:

(a) Negative Cycle
(b) The distancesd(V, t), ∀t ∈ GS
(c) A pair (s, t)with d̂h(s, t) < 0. In this case, return

Bs,t ∶= {u ∈ N ∶ dh(s, u) + dh(u, t) ≤ 0} in
O(h(m + n logn)) time.

Call (s, t)weak if the sandwich is small, |Bs,t| ≤ √kh, strong
otherwise.
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Sampling Sandwiches

W.h.p., no weak pairs are sampled in byS.

Assume (s, t) is weak.
Any properh-walk from s to twith negative length must
include at leasth − 1 vertices fromBs,t ⧵ {s, t}.
𝔼 [|Bs,t ∩ S|] = ∑u∈Bs,t

𝔼 [{sampled u inS}] ≤

√ h
4k√kh =

h
2 |Bs,t ∩ S| ∼ Bin(|Bs,t| ,√ h

4k)

Thus in order for d̂h(s, t) < 0, |Bs,t ∩ S|must be much
further away from its expected value, which only happens with
low probability (Chernoff).
By the Union Bound:

ℙ [{S is small} ∪ {(s, t)i s weak}] ≤ e−√kh
4 + e−√kh

64
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𝔼 [|Bs,t ∩ S|] = ∑u∈Bs,t

𝔼 [{sampled u inS}] ≤

√ h
4k√kh =

h
2 |Bs,t ∩ S| ∼ Bin(|Bs,t| ,√ h

4k)

Thus in order for d̂h(s, t) < 0, |Bs,t ∩ S|must be much
further away from its expected value, which only happens with
low probability (Chernoff).
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Figure 7: Flowchart illustrating the step-by-step execution of our algorithm.



The Algorithm

Theorem 26 (Huang et al., 2024, thm. 1.1)
There is a Las Vegas randomized algorithm solving the SSSP problem for
real-weighted graphs that runs in

O(mn4/5 log2/5 n + n9/5 log7/5 n)

randomized time w.h.p.



The Algorithm

Proof.
While negative edges remain, repeat the following:

Assumek = Ω(log7(n)), and seth = k1/5

log2/5 n
= Ω(logn)

(otherwise run Dijkstra+BF)
By lem. 2.2, inO(h2(m logn + n log2 n)) time, we find a
negative cycle, or compute a valid potentialφ1 to reduce theh
betweenness of all pairs ton/hw.h.p.
By lem. 4.1, we either find a negative cycle orS and the
relevant Johnson potentialφ2 neutralizingS.
Else, we obtain a weakh-hop negative sandwich (s,U, t).
If the reduction succeeded then, using lem. 2.3 we can
compute a potentialφ2 makingUh−remote in
O(h(m + n logn)) time.
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Proof (cont.).
Test ifU is now remote in the same time, to check if the
reduction succeed. If it failed, restart the loop.

By lem. 2.1 find a negative cycle, or compute potentialsφ3
neutralizingU inO((h + |U|/h)(m + n logn)) time.

In the worst case w.h.p., we neutralize

ℓ = Ω(√kh) = Ω(
k3/5

log1/5 n
)

edges, or find a negative cycle at each iteration.
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Proof (cont. 2).
Assumingn = k negative vertices, halvingk takes
O(k2/5 log1/5 n) iterations. As the reduction is geometric,
complexity is dominated by the halving ofk.

The per step complexity is dominated by the reduction and the
neutralization, with time
O((h2 + ℓ

h) (m logn + n log2 n)). Assumingk ≈ n,

ℓ ≈ √n
h , making ℓ ≈ k2/5 log1/5 n.

In total, it takes probabilistic time:
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In total, it takes probabilistic time:



The Algorithm

Proof (cont. 3).

O((n2/5 log1/5 n)( n2/5

log4/5 n
+√nh) (m logn + n logn)) =

O(n4/5 log2/5 n(m + n logn)) =

O(mn4/5 log2/5 n + n9/5 log7/5 n) .
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